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EQUATIONS

We require the following equations:

Elm((Uml )Γ ) = (Ul)Γ
Ell(Πl(a,b)) = Π(Ell(a), Ell(b))

Elm(↑ml (a)) = Ell(a)

↑
n
m↑

m
l (a) =↑

n
l (a)

↑
n
m ((Uml )Γ ) = (U

n
l )Γ

↑
m
l (Π

l
(a,b)) = Πm(↑ml (a), ↑

m
l (b))



INITIALITY

• Voevodsky:
"A crucial component of this approach is the expected result that for a particular class of inference rules the term model is an
initial object in the category of models. This is known as the Initiality Conjecture. In the case of the pure Calculus of
Constructions with a “decorated” application operation this conjecture was proved in 1988 by Thomas Streicher [32]. The
problem of finding an appropriate formulation of the general version of the conjecture and of proving this general version
will be the subject of future work."

→ Relies on subtle details in the forumlation of the system.

→ For TG, the recent work "A Generalized Algebraic Theory for Type Theory with Explicit
Universe Polymorphism" (Bezem, Coquand, Dybjer, Escardo 2026) present a proof of
initiality
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RUSSELL UNIVERSES

• Now, the theory with Russell universes TR:

Γ ⊢ A : Un
Γ ⊢ A Type

Γ ⊢ A : Un (n < p)
Γ ⊢ A : Up

(n < p)
Γ ⊢ Un : Up

Γ ⊢ A : Un Γ .A ⊢ B : Un
Γ ⊢ Π(A,B) : Un



TARSKI TO RUSSELL

We define an erasure operation ∣.∣ from TT to TR that removes codes, liftings and decodings.

• ∣Un∣ = Un.

• ∣Unm∣ = Um.

• ∣app(A,B, c,a)∣ = app(∣A∣, ∣B∣, ∣c∣, ∣a∣).

• ∣λ(A,B,b)∣ = λ(∣A∣, ∣B∣, ∣b∣).

• ∣vi∣ = vi.

• ∣Eln(a)∣ = ∣a∣.

• ∣tnm(a)∣ = ∣a∣.

• ∣Πn ab∣ = Π(∣a∣, ∣b∣).

• ∣Π(A,B)∣ = Π(∣A∣, ∣B∣).



PURE TYPE SYSTEM : PRESENTATION WITHOUT ANNOTATIONS

• Our last theory TP get rids of unuseful annotations in app and λ to get a formulation of the
theory as a pure type system:

λ(A,B,b) ∣ app(A,B, c,a)

(System TR)
strip
Ô⇒

λA b ∣ c a

(System TP)



SUMMARY

Those four theories have forgetful / erasure maps:

GAT (TG) Tarski (TT) Russell (TR) PTS (TP)
proj ∣.∣ strip

⇒ Goal find inverses : any judgement can be lifted back to a more explicit theory in a unique
way.
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• We want to show normalisation for TG
• Use Artin Gluing, which constructs a normalisation model of our theory

→ Proof relevant version of the usual proof by reducibility candidates.

→ We need to consider open terms, thus we work internally to the presheaf topos.
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NORMALISATION MODEL

• Define neutral terms Neut(Γ) and normal form TypeN(Γ) and ElemN(Γ ,T).

• Here are the neutral and normal forms for the universes construction :

Elnk ∈ TypeN(X) if k ∈ Neut(X, Un).

Πn k l ∈ ElemN(X, Un) if k ∈ ElemN(X, Un) and l ∈ ElemN(X.⟨Elnk⟩, Un).

Unm ∈ ElemN(X, Un).

↑
n
m k ∈ ElemN(X, Un) if k ∈ Neut(X, Um).

k ∈ ElemN(X, Un) and t ∈ ElemN(X, ⟨Elnk⟩), if k ∈ Neut(X, Un) and t ∈ Neut(X, ⟨Elnk⟩).
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→ Construct the normalisation model inductively, equip terms with a reducibility predicate.

• The main idea : Being reducible at a universe is the same thing as being reducible at the
decoded type.

• We "propagate" lifts and decoding inside the term until encountering a neutral.
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CONSEQUENCES

Finally, we obtain normalisation:

nfTy : TypeM0(Γ) → TypeN(Γ)

and
nfTm : ElemM0(Γ ,A) → ElemN(Γ ,A)

Injectivity of type constructors in the syntactic modelM0 :

Π A B = Π A′ B′ Ô⇒ A = A′ and B = B′

Un = Um Ô⇒ n = m
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5. Equivalence results



EQUIVALENCE BETWEEN TG AND TT

Briefly, this is the equivalence between explicit and implicit substitutions.

proj(Γ ⊢ J) = proj(Γ) ⊢ proj(J)

proj(σ : Γ → ∆) = ⊢ (empty judgement)

proj([a]) = [proj(a)]

proj(Aσ) = (...(proj(A)σ1)...)...σn
proj(aσ) = (...(proj(a)σ1)...)...σn

proj(q) = v0

proj(p) = p

proj(id) =

proj(σδ) = proj(σ) :: proj(δ)

proj(σ+) = (σ+1 , ...,σ+n)

→ No composition in the implicit case, output a list that is unfolded when applied
→ Correction result :

If Γ ⊢ J in TG then proj(Γ ⊢ J) is derivable in TT .
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EQUIVALENCE BETWEEN TT AND TR : UNIQUENESS LEMMA

Now for TT ⇔ TR (Russell and Tarski universes).
We would want to prove the following lemma :

• If Γ ⊢ A type and Γ ⊢ B type in TT , with ∣A∣ = ∣B∣, then Γ ⊢ A = B.

• If Γ ⊢ u0 : A0 and Γ ⊢ u1 : A1 in TT with ∣u0∣ = ∣u1∣ then : Γ ⊢ A0 = A1 and Γ ⊢ u0 = u1 : A0.

i.e. Terms and types in TT with the same erasure in TR should be convertible !
→ Or not... take x and ↑mn x for instance.



EQUIVALENCE BETWEEN TT AND TR : UNIQUENESS LEMMA

Now for TT ⇔ TR (Russell and Tarski universes).
We would want to prove the following lemma :

• If Γ ⊢ A type and Γ ⊢ B type in TT , with ∣A∣ = ∣B∣, then Γ ⊢ A = B.

• If Γ ⊢ u0 : A0 and Γ ⊢ u1 : A1 in TT with ∣u0∣ = ∣u1∣ then : Γ ⊢ A0 = A1 and Γ ⊢ u0 = u1 : A0.

i.e. Terms and types in TT with the same erasure in TR should be convertible !
→ Or not... take x and ↑mn x for instance.



EQUIVALENCE BETWEEN TT AND TR : UNIQUENESS LEMMA

Now for TT ⇔ TR (Russell and Tarski universes).
We would want to prove the following lemma :

• If Γ ⊢ A type and Γ ⊢ B type in TT , with ∣A∣ = ∣B∣, then Γ ⊢ A = B.

• If Γ ⊢ u0 : A0 and Γ ⊢ u1 : A1 in TT with ∣u0∣ = ∣u1∣ then : Γ ⊢ A0 = A1 and Γ ⊢ u0 = u1 : A0.

i.e. Terms and types in TT with the same erasure in TR should be convertible !
→ Or not... take x and ↑mn x for instance.



EQUIVALENCE BETWEEN TT AND TR : UNIQUENESS LEMMA

• If Γ ⊢ A type and Γ ⊢ B type in TT , with ∣A∣ = ∣B∣, then Γ ⊢ A = B.

• If Γ ⊢ u0 : A0 and Γ ⊢ u1 : A1 in TT with ∣u0∣ = ∣u1∣ then :
– 1st case : Γ ⊢ A0 = A1 and Γ ⊢ u0 = u1 : A0.
– 2nd case : Γ ⊢ A0 = Un0 and Γ ⊢ A1 = Un1 , with
Γ ⊢ u0 =↑

n0
k (v0) : A0 and Γ ⊢ u1 =↑

n1
k (v1) : A1 such that Γ ⊢ v0 = v1 : Uk.

⇒ Two judgments in TT with the same erasure are convertiblemodulo lifting !

• Proof by mutual induction on the size of A and u0.

• Injectivity of U● and no-confusion between U● and Π(−,−) are necessary.
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⇒ Two judgments in TT with the same erasure are convertiblemodulo lifting !

• Proof by mutual induction on the size of A and u0.

• Injectivity of U● and no-confusion between U● and Π(−,−) are necessary.
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EQUIVALENCE BETWEEN TT AND TR : UNIQUENESS LEMMA, AN EXAMPLE

If u0 is a λ-abstraction, by inversion, the derivation Γ ⊢ u0 : A0 looks like :

Π0
Γ ,C0 ⊢ b0 : B0

Γ ⊢ λ(C0,B0,b0) : Π(C0,B0)

Then ∣u0∣ = λ(∣C0∣, ∣B0∣, ∣b0∣) = ∣u1∣ and so u1 is necessarily an abstraction :

u1 = λ(C1,B1,b1)

with ∣C1∣ = ∣C0∣, ∣B1∣ = ∣B0∣, ∣b1∣ = ∣b0∣.
Then we reason by inversion and use the induction hypothesis to construct the derivation.
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For each case we prove a "catch-up lemma", for instance:

• If Γ ⊢ λ(A,B,b) : A0 and Γ ⊢ t : A1 in TT with ∣λ(A,B,b)∣ = ∣t∣ then :
– 1st case : Γ ⊢ A0 = A1 and Γ ⊢ λ(A,B,b) = t : A0.
– 2nd case : Γ ⊢ A0 = Un0 and Γ ⊢ A1 = Un1 , with
Γ ⊢ λ(A,B,b) =↑n0

k (v0) : A0 and Γ ⊢ t =↑n1
k (v1) : A1 such that Γ ⊢ v0 = v1 : Uk.

• Proof by induction on t.

• Only interesting cases : t = λ(A′,B′,b′) or t =↑mn (t′).



EQUIVALENCE BETWEEN TT AND TR : UNIQUENESS LEMMA, AN EXAMPLE

For each case we prove a "catch-up lemma", for instance:

• If Γ ⊢ λ(A,B,b) : A0 and Γ ⊢ t : A1 in TT with ∣λ(A,B,b)∣ = ∣t∣ then :
– 1st case : Γ ⊢ A0 = A1 and Γ ⊢ λ(A,B,b) = t : A0.
– 2nd case : Γ ⊢ A0 = Un0 and Γ ⊢ A1 = Un1 , with
Γ ⊢ λ(A,B,b) =↑n0

k (v0) : A0 and Γ ⊢ t =↑n1
k (v1) : A1 such that Γ ⊢ v0 = v1 : Uk.

• Proof by induction on t.

• Only interesting cases : t = λ(A′,B′,b′) or t =↑mn (t′).



EQUIVALENCE BETWEEN TT AND TR : UNIQUENESS LEMMA, AN EXAMPLE

For each case we prove a "catch-up lemma", for instance:

• If Γ ⊢ λ(A,B,b) : A0 and Γ ⊢ t : A1 in TT with ∣λ(A,B,b)∣ = ∣t∣ then :
– 1st case : Γ ⊢ A0 = A1 and Γ ⊢ λ(A,B,b) = t : A0.
– 2nd case : Γ ⊢ A0 = Un0 and Γ ⊢ A1 = Un1 , with
Γ ⊢ λ(A,B,b) =↑n0

k (v0) : A0 and Γ ⊢ t =↑n1
k (v1) : A1 such that Γ ⊢ v0 = v1 : Uk.

• Proof by induction on t.

• Only interesting cases : t = λ(A′,B′,b′) or t =↑mn (t′).



EQUIVALENCE BETWEEN TT AND TR : FINAL RESULT

We now want to show that we can uniquely lift judgements from TR to TT :

If Γ ⊢ J in TR then there exists a unique judgment ΓT ⊢ JT modulo conversion in system TT such
that ∣ΓT ∣ = Γ and ∣JT ∣ = J.

Proof : by induction on the rules of TR. This exhibits a translation from TR to TT .
We use the uniqueness lemma to "unify" the translations.
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EQUIVALENCE BETWEEN TT AND TR : AN EXAMPLE

If the last applied rule is :

Π1
Γ ⊢ A type

Π2
Γ ,A ⊢ B type

Γ ⊢ Π(A,B) type

By the IH : Γ ′ ⊢ A′ type and Γ ′′.A′′ ⊢ B′ type with ∣Γ ′∣ = ∣Γ ′′∣ = Γ and ∣A′′∣ = ∣A′∣ = A.
Uniqueness lemma: Γ ′ = Γ ′′ and A′ = A′′

Π1
′

Γ ′ ⊢ A′ type
Π2
′

Γ ′,A′ ⊢ B′ type
Γ ′ ⊢ Π(A′,B′) type
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EQUIVALENCE BETWEEN TR AND TP

Now TR⇔ TP : removing annotations.
Same proof scheme, but we can prove this directly:

• If Γ ⊢ A type and Γ ⊢ B type in TR, with strip(A) = strip(B), then Γ ⊢ A = B.

• If Γ ⊢ u0 : A0 and Γ ⊢ u1 : A1 in TR with strip(u0) = strip(u1) then : Γ ⊢ A0 = A1 and
Γ ⊢ u0 = u1 : A0.
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SUMMARY

GAT (TG) Tarski (TT) Russell (TR) PTS (TP)
proj ∣.∣ strip



EXTENDING THE RESULT

• Modular proof, adapts to the addition of various types (for instance Σ or inductives)

• Adapts to a hierarchy with level judgements, and universe polymorhpism if we assume
normalisation.
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CONCLUSION

Contributions and results :

• Equivalence between Tarski-style and Russell-style universes by a modular proof method

→ This whole proof is formalised in the Rocq proof assistant !

• Equivalence between GAT and PTS presentations of Type Theory
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Thank you for your attention.
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